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Abstract 
 
The Local Point Interpolation Method (LPIM) is a newly developed truly meshless 
method, based on the idea of Meshless Local Petrov-Galerkin (MLPG) approach. In this 
paper, a new LPIM formulation is proposed to deal with 4th order boundary-value and 
initial-value problems for static and dynamic analysis (stability, free vibration and forced 
vibration) of beams. Local weak forms are developed using weighted residual method 
locally. In order to introduce the derivatives of the field variable into the interpolation 
scheme, a technique is proposed to construct polynomial interpolation with Kronecker 
delta function property, based only on a group of arbitrarily distributed points. Because 
the shape functions so-obtained possess delta function property, the essential boundary 
conditions can be implemented with ease as in the conventional Finite Element Method 
(FEM). The validity and efficiency of the present LPIM formulation are demonstrated 
through numerical examples of beams under various loads and boundary conditions. 
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1. Introduction 
Meshless methods have become recently attractive alternatives for problems in 
computational mechanics, as it does not require a mesh to discretize the problem domain, 
and the approximate solution is constructed entirely in terms of a set of scattered nodes. 
Some meshless methods are proposed and achieved remarkable progress, such as, Diffuse 
Element Method (DEM) [1], Element Free Galerkin (EFG) method [2,3], Reproducing 
Kernel Particle (RKP) method [4], Point Interpolation Method (PIM) [5], Boundary Node 
Method (BNM) [6], Boundary Point Interpolation Method (BPIM) [7], and so on. In 
addition, techniques of coupling meshless methods with other established numerical 
methods have also been proposed, such as coupled EFG/Finite Element Method (FEM) 
[8,9], EFG/Boundary Element Method (BEM) [10,11], and EFG/BPIM method [12].  
     The above-mentioned meshless methods may be largely divided into two categories: 
domain type methods (DEM, EFG, RKP, PIM) and boundary type methods (BNM, 
BPIM). In these two types meshless methods, the problem domain or only the boundary 
of the problem domain is discretized by properly scattered points. In particular, the 
above-mentioned meshless methods are “meshless” only in terms of the interpolation of 
the field or boundary variables, as compared to the usual FEM or BEM. Most of meshless 
methods have to use background cells to integrate a weak form over the problem domain. 
The requirement of background cells for integration makes the method being not “truly” 
meshless.  
      A domain type truly meshless method, called the Meshless Local Petrov-Galerkin 
(MLPG) method, and a boundary type truly meshless method, called the Local Boundary 
Integral Equation (LBIE) method, have been developed by Atluri and Zhu[13,14], Atluri 
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et al.[15]. and Zhu et al. [16]. The MLPG method is based on a local weak form and 
Moving Least Squares (MLS) approximation. In the MLPG, an integration method in a 
regular-shaped local domain (such as spheres, rectangular, and ellipsoids) is used. The 
MLPG method does not need any  “element” or “mesh” for both field interpolation and 
background integration. The MLPG method has been used for two-dimensional solids 
static analysis and one-dimensional 4th order thin beam static analysis [17]. Very good 
results have been obtained in these analyses. 
      However, there exist some inconvenience or disadvantages in using MLPG. First, it is 
difficult to implement essential boundary conditions in MLPG, because the shape 
functions, which constructed by MLS approximation, lack the delta function property. 
Second, the MLPG is computationally expensive due to again the use of MLS 
approximation.  
      Some special techniques have to be used to overcome above-mentioned problems in 
using MLPG. For example, the Lagrange multiplier method and the penalty method [13], 
have been used to deal with essential boundary conditions. The method of Lagrange 
multiplier leads to an unbanded non-positive stiffness matrix, which induces significantly 
the difficulty in solving the discrete equations. The use of the penalty method requires a 
proper choice of penalty factor, which can be difficult for some practical problems.  
       A Local Point Interpolation Method (LPIM) has been proposed for two-dimensional 
solids by Liu and Gu [18], in which a set of points is used to represent the problem 
domain. A technique is proposed to construct polynomial interpolation functions with 
delta function property. A local weak form is developed using the weighted residual 
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method locally, based on the idea of MLPG. Compared to other meshless methods, the 
LPIM has advanced in the following counts: 
(a) The LPIM is a truly meshless method, which is based on non-element 
interpolation and non-mesh integration. 
(b) The imposition of essential boundary conditions is easy in LPIM due the shape 
functions having delta property.  
(c) The implementation procedure is as simple as numerical methods based on strong 
form formulation, such as the Finite Difference Method (FDM). 
(d) The computation cost is much lower because of the simple interpolation and the 
reduction in computation of the stiffness matrix. 
      The present work is aimed at extending the LPIM to deal with 4th order partial 
differential equations governing statics and dynamics of thin beams and thin plates. A 
point interpolation approach is proposed in order to introduce the slope as another 
independent variable in the interpolation schemes. Because the shape functions 
constructed using the point interpolation approach possess delta function property, the 
deflection and slope essential boundary conditions can be imposed with ease as in the 
conventional FEM. Local weak forms are developed using the weighted residual method 
locally for statics and dynamics of 4th order beam problems. The LPIM equations for 
statics, buckling, free vibration and forced vibration of thin beams are then derived using 
the local weak form and the point interpolation approximation. Several numerical 
examples of static analysis, buckling analysis, free vibration analysis and forced vibration 
analysis for thin beams under different loads and boundary conditions are presented to 
demonstrate the convergence, validity and efficiency of the presented LPIM.  
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2. Point interpolation approximation 
In general, a meshless method requires a local interpolation or approximation to represent 
the trail function. The point interpolation approximation is used in the current work. 
      Consider a function w(x) defined in domain Ω discretized by a set of field nodes. The 
PIM interpolates w(x) from the surrounding nodes of a point xQ using polynomials 
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where pi(x) is monomials in the space coordinates xT=[x, y], n is the number of nodes in 
the neighborhood of xQ, ai (xQ) is the coefficient for pi(x), and corresponding to the given 
point xQ.  The pi(x) in equation (1) is built utilizing the Pascal's triangle, so that the basis is 
complete.  A basis in one dimension is provided by 
 
pT(x)=[1, x, x2, x3, x4,…, x2n-1] (2) 
A basis in two dimension is provided by 
 pT(x)=[1, x, y, xy, x2, y2, x2y, xy2, x2y2, ....] (3) 
      In some physical cases, the information concerning the derivatives of variables at 
some scattered points may be meaningful. The derivatives of variables need be used in 
the approximation procedure. We assume that the derivatives up to an order l of the field 
variable are used in the same approximation form (1), 
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where ),()( Ql xxw  and ),(T)( Ql xxp  are the l order derivatives of the field variable 
),( Qxxw  and the basis ),(T Qxxp .   
     The point interpolation form will be derived in this paper for the Bernoulli-Euler beam 
problem, which is a one-dimensional 4th order boundary value problem. The point 
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interpolation formulation for two-dimensional 4th order boundary value problem (such as 
thin plate problem) can be similarly obtained.   
     The slope θ  for Bernoulli-Euler beam can be written as  
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where wi is the transverse deflection of the beam, and px is  
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The coefficients ai in equations (1) and (4) can be determined by enforcing equations (1) 
and (4) to be satisfied at the n nodes surrounding point xQ. At node i we have equation 
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(7) 
where iwˆ and iθˆ  are the nodal value of w and θ at x=xi. Equation (7) can be written in the 
following matrix form. 
 we=PQa (8) 
where 
 we=[ 1wˆ , 1ˆθ , 2wˆ , 2ˆθ ,…, nwˆ , nθˆ ]T (9) 
 [ ])(),(),...,(),(),(),( 2211T nxnxxQ xxxxxx ppppppP =  (10) 
From equation (8), we have 
 a=PQ−1 we (11) 
Substituting equation (11) into equation (1) and writing the following form in term of wˆ  
and θˆ  similar to that used in FEM [19]  
 θΦwΦwΦ ˆ)(ˆ)()()( TTT xxxxw we θ+==  (12) 
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where the shape functions Φ(x), Φw(x) and Φθ(x)  are defined by 
 [ ])(),(,...,),(),(),(),()( 2211T xxxxxxx nwnww θθθ φφφφφφ=Φ  (13a) 
 [ ])(),...,(),()()( 211TT xxxxx wnwwQw φφφ== −PpΦ  (13b) 
 [ ])(),...,(),()()( 211TT xxxxx nQx θθθθ φφφ== −PpΦ  (13c) 
The shape functions Φw(x), Φθ(x) and its derivatives for n=3 are shown in Figure 1.  It 
can be found that the shape function Φw(x) and  Φθ(x) obtained through above procedure 
satisfies 
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where δij is the Kronecker delta function 
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Therefore, the shape functions constructed possess delta function property, and the 
essential boundary conditions can be easily imposed in present LPIM.  
3. Elastostatic analysis 
3.1 Local weak form  
For the constant bending stiffness, EI, the Bernoulli-Euler beam is governed by the 
following 4th order differential equation.  
 
f
x
wEI =4
4
d
d
                in domain Ω (15) 
where w is transverse deflection and f is distributed load over the beam. The single-span 
Bernoulli-Euler beam has four boundary conditions, two at each end. The boundary 
conditions are given at global boundary, Γ, as 
Computer Methods in applied mechanics and engineering  190 (2001) 5515-5528 
 8 
 
,)( 0 wxw =    on Γw,   ,d
)(d 0 θ=−
x
xw
   on Γθ 
(16a) 
 
,
d
d)( 2
2
0 M
x
wEIxM ==    on ΓM,   ,
d
d)( 3
3
0 V
x
wEIxV =−=    on ΓV 
(16b) 
where M and V denote the moment and the shear force, respectively. Γw,Γθ, ΓM and ΓV 
denote the boundary regions where deflection, slope, moment, and shear force are 
specified, respectively. 
     Because the point interpolation approximation, discussed above, is used in this paper, 
the essential boundary condition, equation (16a), can be imposed directly as in the 
traditional FEM. A local weak form of the differential equation (15), over a local domain 
Ωs bounded by Γs, can be obtained using the weighted residual method 
  0d)( '''' =−∫Ωs xfEIwv  
(17) 
where v is the weight function. The first term on the left hand side of equation (17) can be 
integrated by parts to become 
 [ ] [ ] 0d)( =′′′+′′′−−′′′′ ΓΩ Γ∫ ss s wEIvnwvEInxvfwvEI  (18) 
where n is the unit outward normal to domain Ωs. As shown in Figure 2, the support sub-
domain Ωs of a node xi is a domain in which v(x)≠ 0. A arbitrary shape support domain 
can be used, such as, a linear support domain for one-dimensional problems. It can be 
found that the boundary Γs for the support domain is usually composed by five parts: the 
internal boundary Γsi, the boundaries Γsw , Γsθ , ΓsM , and ΓsV, over which the essential 
boundary conditions w, θ and natural boundary conditions M, V are specified. The 
boundaries Γsw with ΓsV and Γsθ with ΓsM are mutually disjoint. Imposing the natural 
boundary condition given in equation (16b), we obtain:  
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(19) 
If the value and the derivatives of the weight function v are taken to be zero at Γsi, the last 
two terms in equation (19) can vanish. 
    With equation (19) for any node xi, instead of dealing with a global boundary value 
problem, the problem becomes to deal with a localized boundary value problem over a 
support domain. Although the support domain used will affect the solution, theoretically, 
as long as the union of all local domains covers the global domain Ω, the equilibrium 
equation and the boundary conditions will be satisfied in the global domain Ω and in its 
boundary Γ [13].   
3.2 Discretization and numerical implementation for the LPIM 
       The problem domain Ω is represented by properly scattered nodes. The point 
interpolation approximation (12) is used to approximate the value of a point x 
        θΦwΦ ˆ)(ˆ)()( TT xxxw w θ+=  (20) 
where wˆ  and θˆ  denote the nodal deflections and slopes, respectively. 
       As the LPIM is regarded as a weighted residual method, the weight function plays an 
important role in the performance of the method. Theoretically, as long as the condition 
of continuity is satisfied, any weight function is acceptable. However, the local weak 
form is based on the local sub-domains centered by nodes. It can be found that the weight 
function with the local property, which should decrease in magnitude as the distance from 
a point xQ to the node xi increases, yields better results. From Figure 1, it can be found 
that the shape functions constructed using Equation (12) possess the local property. 
Similarly as Galerkin methods, the weight function v can be taken as 
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        βΨαΨ )()()( TT xxxv wQ θ+=  (21) 
where α and β denote the fictitious nodal coefficients, Ψw and Ψθ are constructed using 
Equation (13). It should be noted that the influence domain used to construct Ψw andΨθ 
can be independent on the influence domain used to construct Φw and Φθ. 
     Substituting Equations (20) and (21) into the local weak form (19) for all nodes leads 
to the following discrete equations 
     fKw =e  (22a) 
 








′′′′′′′′
′′′′′′′′
=
∫∫
∫∫
ΩΩ
ΩΩ
ss
ss
dd
dd
xx
xx
EI
jiwji
jwiwjwi
ij
θθθ
θ
φψφψ
φψφψ
K  
sw
jiwji
jwiwjwiEIn
Γ






′′′′′′
′′′′′′
+
θθθ
θ
φψφψ
φψφψ
θ
θθθ
θ
φψφψ
φψφψ
s
jiwji
jwiwjwiEIn
Γ






′′′′′′
′′′′′′
−  
si
jiwji
jwiwjwiEIn
Γ






′′′′′′
′′′′′′
+
θθθ
θ
φψφψ
φψφψ
sijiwji
jwiwjwiEIn
Γ






′′′′′′
′′′′′′
−
θθθ
θ
φψφψ
φψφψ
 
(22b) 
 
sVsMs
s
i
wi
i
wi
i
wi
i VnMnfdx
fdx
ΓΓΩ
Ω






+






′
′
+








=
∫
∫
θθθ ψ
ψ
ψ
ψ
ψ
ψ
f  
(22c) 
          A numerical integration is needed to evaluate the integration in equation (22). The 
Gauss quadrature is used in the LPIM. For a node at xi, a local integration cell is needed 
to employ Gauss quadrature. For each Gauss quadrature point xQ, the point interpolation 
is performed to obtain the integrand. Therefore, as shown in the Figure 2, for a node xi, 
there exist three local domains: local integration domain ΩQ (size rq), weight function 
domain Ωv (same as Ωs) for vi≠0 (size rv), and interpolation domain Ωi for xQ (size ri). 
These three local domains can be independent as long as the condition rq≤rv is satisfied. It 
should be noted that the weight function v and its’ derivatives will be zero along at Γsi if 
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the integration domain and weight domain are same(rq=rv). Hence, the equation (22b) can 
be simplified because terms along the internal boundary Γsi vanishes. 
         It can be easily seen that the matrix K is usually banded but asymmetric. However,  
the shape functions Φw and Φθ in equation (20) will be the same as Ψw and Ψθ in equation 
(21) if the interpolation domain and weight function domain are the same (ri=rv).In this 
case K becomes symmetrical.  
         In the LPIM, because the shape functions possess the delta function property, the 
essential boundary conditions can be implemented with ease. Because the system 
equations of the LPIM are assembled based on nodes as in Finite Difference Method 
(FDM), the items of the row in the matrix K for the nodes on the essential boundary need 
not even to be computed. This reduces the computational cost. 
3.3 Numerical results  
For simplification, the units are omitted or taken as international standard (SI) units in 
this paper.   
a) Pinned-pinned beams under various loads 
Pinned-pinned thin beams under uniformly distributed load, concentrated load and 
linearly distributed load are analyzed. 21 irregularly distributed nodes are used. In this 
example, the parameters are taken as EI=1.0, the length of beam l=1.0 and q0=1.0. Figure 
3 illustrates the comparison between the deflection and slope results for the pinned-
pinned beams under these three kinds of loads calculated analytically and using the 
present LPIM. The plots show excellent agreements between the analytical and numerical 
results for pinned-pinned beams under uniformly distributed load, concentrated load and 
linearly distributed load. 
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b) Beams under uniformly distributed load with different boundary conditions 
In order to study the effectiveness of LPIM for different boundary conditions, thin beams 
under uniformly distributed load with different boundary conditions are analyzed. The 
comparisons between the deflection and slope results calculated analytically and using 
the LPIM are shown in Figures 4. Again, excellent agreements results between the 
analytical and numerical results are observed.       
4. Buckling analysis 
4.1 Local weak form  
The governing equation for Bernoulli-Euler beam’s buckling problem is 
 
0
d
d
d
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x
wEI                 in domain Ω 
(23) 
where p is the compressive axial load. The boundary conditions are usually the following 
forms in the buckling analysis 
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Similarly as section 3, a local weak form of the differential equation (23), over a local 
domain Ωs bounded by Γs, can be obtained using the weighted residual method 
 0d)( '''' =′′−∫Ωs xwpEIwv  
(25) 
where v is the weight function. The first term on the left hand side of equation (25) can be 
integrated by parts, and imposed the natural boundary condition (24b), we obtain:  
 [ ] [ ]
[ ] [ ] 0
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(26) 
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Substituting equations (20) and (21) into the local weak form (26) for all nodes leads to 
the following discrete equations 
     0=− ee pBwKw  (27a) 
where the stiffness matrix K is  given by equation (22b), B is defined by 
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    In order to get non-trivial solution of equation (27a), the determinant of the coefficient 
matrix in equation (27a) should be zero 
      0=− BK p  (28) 
In order to determine the critical buckling loads, p, and buckling modes of buckling 
analysis, it is necessary to solve the linear eigenvalue problem of equation (28). 
4.2 Numerical results  
LPIM is used for buckling analyses of thin beams with different boundary conditions. 
The results are obtained using three kinds of nodal arrangement: 21 nodes, 41 nodes and 
61 nodes. Table 1 shows the comparison between the critical buckling loads calculated 
analytically and using LPIM. The dimensionless parameter 
EI
lpcr
2
=λ  is used in Table 1, 
where l is the length of the beam.  It can be observed that the results obtained by the 
present LPIM are in very good agreement with analytical results. The convergence of the 
present method is also demonstrated in this table. As the number of nodes increases, the 
results obtained approaches to the analytical solution.  
5. Free vibration analysis 
5.1 Local weak form 
The general dynamic equation of Bernoulli-Euler beam is 
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where y(x,t) is the deflections of the beam, m is the mass, c is the damping coefficient. 
The mass m and damping c are assumed constant for simplification.  
      The governing equation for free vibration of the thin beam is given by  
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 The boundary conditions are usually the same form of equation (24). In the free vibration 
analysis, y(x,t) can be written as 
 )sin()(),( ϕω += txwtxy  (31) 
where ω is the frequency. Substituting equation (31) into equation (30) leads to the 
following equations 
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      A local weak form of the differential equation (32), over a local domain Ωs bounded 
by Γs, can be obtained using the weighted residual method 
 0d)( 2'''' =−∫Ωs xmwEIwv ω  
(33) 
where v is the weight function. The first term on the left hand side of equation (33) can be 
integrated by parts, and imposed the natural boundary condition (24b), we obtain:  
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(34) 
Substituting equations (20) and (21) into the local weak form (34) for all nodes leads to 
the following discrete equations 
     02 =− ee MwKw ω  (35) 
where the stiffness matrix K is  given by equation (22a), M is defined by 
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    In order to get non-trivial solution of equation (35), the determinant of the coefficient 
matrix should be zero 
      02 =− MK ω  (37) 
In order to determine the frequencies, ω, and free vibration modes of free vibration 
analysis, it is necessary to solve the linear eigenvalue problem. 
5.2 Numerical results  
LPIM is used for free vibration analysis of thin beams with different boundary 
conditions. 21 uniformly distributed nodes are used. Table 2 shows the comparison 
between the first 8 mode frequencies calculated analytically and using LPIM. It can be 
observed that the results obtained by the present LPIM are in very good agreement with 
analytical results. The first three free vibration modes are shown in Figure 5. Again, very 
good results are obtained using LPIM.  
6. Forced vibration analysis 
6.1 Local weak form 
      If f(x,t)≠0, equation (29) will become the governing equation for forced vibration of 
beams. The boundary conditions are given in equation (16), and the initial conditions are 
given as 
        ),(),( 00 txwtxw tt == , ),(),( 00 txtxw tt θ=′ =  
),(),( 00 txwtxw tt ɺɺ == , ),(),( 00 txwtxw tt ɺɺɺɺ ==  
(38) 
      A local weak form of the differential equation (29), over a local domain Ωs bounded 
by Γs, can be obtained using the weighted residual method 
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 0d)),(),(),(),(( '''' =−++∫Ωs xtxftxEIwtxwctxwmv ɺɺɺ  
(39) 
where 2
2
d
d
t
w
w =ɺɺ is the acceleration, 
t
w
w
d
d
=ɺ  is the velocity. The third term on the left 
hand side of equation (39) can be integrated by parts, and imposed the natural boundary 
condition (16b), we obtain:  
 [ ] [ ]∫Ω ΓΓ −−′−−′′′′++s sVsM vVnvMnxtxvfwvEIwvcwvm d)),(( ɺɺɺ  
[ ] [ ] [ ] [ ] 0=′′′+′′′−′′′+′′′ ΓΓΓΓ sisisws wvEInwEIvnwvEInwvEIn θ  
(40) 
For this dynamic analysis, only space domain is discrtized. Equations (20) and (21) can 
be re-written as 
        )()()()(),( TT txtxtxw w θΦwΦ θ+=  (41) 
        )()()()(),( TT txtxtxv w βΨαΨ θ+=  (42) 
Substituting equations (41) and (42) into the local weak form (40) for all nodes leads to 
the following discrete equations 
     )()()()( tttt eee fKwwCwM =++ ɺɺɺ  (43) 
where the stiffness matrix K is  given by equation (22b), M is defined by equation (36), C 
and f are defined as 
 








=
∫∫
∫∫
ΩΩ
ΩΩ
ss
ss
dd
dd
xx
xx
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jiwji
jwiwjwi
ij
θθθ
θ
φψφψ
φψφψ
C  
(44a) 
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′
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ψ
ψ
ψ
ψ
ψ
)()(
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)(f  
(44b) 
Several methods have been developed to solve the dynamic equation (43),such as central 
difference method and Newmark method, ( see, eg., [20]).  The central difference method 
is used in this paper. The central difference method consists of expressing the velocity 
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and acceleration at time t in terms of the deflection at time t-∆t, t and t+∆t using central 
finite difference formulation: 
     ))()(2)((1)( 2 ttwtwttwt
t ∆++−∆−
∆
=wɺɺ  
(45a) 
     ))()((
2
1)( ttwttw
t
t ∆++∆−−
∆
=wɺ  
(45b) 
where ∆t is time step. 
6.2 Numerical results  
The forced vibration of a pinned-pinned thin beam is analyzed. In this numerical example 
for the forced vibration analysis, let f(t)=q0sin(gt), q0=1.0, g=20.0,m=1.0, EI=1.0, l=1.0, 
and c=0.0. For comparison, an analytical solution for this problem is obtained using the 
mode-superposition method. 
The normal modes of the beam are 
     
4
2)(,sin2)(
ml
EIi
l
xi
x ii piω
piφ ==  (46) 
Thus, the deflection of the beam is expressed by the summation 
     
∑
∞
=
=
1
sin)(2),(
i
i l
xi
tqtxw pi  
(47) 
where qi(t) is defined 
     








−
−
−
=
)(
)sin()sin()(
2222 g
tg
g
gtAtq
ii
i
i
ii
ωω
ω
ω
 
(48a) 
     [ ]1)1(2 1 +−= +ii ilA pi  (48b) 
       LPIM is used for forced vibration analysis of the pinned-pinned thin beam. 21 
Uniformly distributed nodes are used. The time step is pi
0Tt =∆ , T0 is the free vibration 
period of one sub-beam of length ls, where ls is the shortest distance between two nodes. 
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Many time steps are calculated to check the stability of the presented LPIM. The 
calculated deflection results of the beam by LPIM and analytical results are compared in 
Table 3. From Table 3, it can be found that the LPIM results are in very good agreement 
with the analytical results, and it is shown that the stability of the LPIM is also very good. 
7. Discussion and conclusions  
A Local Point Interpolation Method has been presented to solve the 4th order boundary 
and initial problems of thin beam. In the LPIM, a technique is proposed to construct 
polynomial interpolation function for 4th boundary problems with delta function property 
using a group of arbitrarily distributed points. The derivatives of the field variable are 
incorporated into the point interpolation scheme. Local weak forms are developed using 
the weighted residual method for static and dynamic analysis of thin beams. System 
equations are then derived for static and dynamic analysis of thin beams using the local 
weak forms and the point interpolation approximation.   
      The present LPIM is a truly meshless method, which is based on non-element 
interpolation and non-mesh integration. Because the shape functions, based on the point 
interpolation formulation, possess delta function property, the deflection and slope 
essential boundary conditions can be imposed with ease as in the conventional FEM. The 
implementation procedure of LPIM is as simple as numerical methods based on strong 
form formulation. In addition, compared with other meshless methods, based on the 
Moving Lease Squares, the computation cost of LPIM is much lower because of the 
simple interpolation and the reduction in computation of the stiffness matrix. 
      Numerical examples of static analysis, buckling analysis, free vibration and forced 
vibration analysis for thin beams under various loads and boundary conditions are 
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analyzed to demonstrate the effectiveness, convergence and stability of the present LPIM. 
It is found that the present method is easy to implement, and very flexible for static and 
dynamic analysis of thin beams. The presented LPIM can also be easily extended to solve 
two-dimensional 4th order boundary value and initial value problem, such as the thin 
plate problem. 
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Tables and Figures Captions: 
 
Table 1 Comparison of beam normalized critical buckling load λ under various boundary 
conditions 
Table 2 Comparison of beam free vibration constants βil  under various boundary conditions 
Table 3 Comparison of deflections between the LPIM results and analytical results in forced 
vibration problem of the pinned-pinned thin beam 
Figure 1 Nodal shape functions and its derivatives for the deflection and slope 
Figure 2 The support domain Ωv and integration domain ΩQ for node i; interpolation 
domain Ωi for Gauss integration point xQ 
Figure 3 Deflections and slopes of a pinned-pinned thin beam under different loads.  (a) 
uniformly distributed load. (b) concentrated load. (c) linear load 
Figure 4 Deflections and slopes of thin beams under uniformly distributed load with 
different boundary conditions.  (a) pinned-fixed. (b) fixed-free. (c) fixed-fixed 
Figure 5 Free vibration  modes of thin beams with different boundary conditions. (a) 
pinned-pinned  (b) fixed-pinned. (c) fixed-free. (d) fixed-fixed 
 
Computer Methods in applied mechanics and engineering  190 (2001) 5515-5528 
 23 
Table 1 Comparison of beam normalized critical buckling load λ 
under various boundary conditions* 
Nodes number Pinned-Pinned Pinned-Fixed Fixed-Free Fixed-Fixed 
Analytical 9.86960 20.19073 2.46740 39.47842 
21 9.87019 20.19330 2.47014 39.48875 
41 9.86912 20.19022 2.46721 39.47992 
61 9.86954 20.19096 2.46745 39.47878 
* EI
lpcr
2
=λ  
 
Table 2 Comparison of beam free vibration constants βil  
under various boundary conditions* 
 Pinned-Pinned Pinned-Fixed Fixed-free Fixed-Fixed 
 Analytical LPIM Analytical LPIM Analytical LPIM Analytical LPIM 
1 3.14159 3.14164 3.92699 3.92667 1.87510 1.87510 4.73004 4.73014 
2 6.28318 6.28357 7.06858 7.06907 4.69409 4.69419 7.85398 7.85382 
3 9.42477 9.42612 10.21018 10.21179 7.853982 7.855357 10.99557 10.99753 
4 12.56637 12.56965 13.35177 13.35555 10.99557 10.9974 14.13717 14.14151 
5 15.70796 15.71444 16.49336 16.50057 14.13717 14.14134 17.27876 17.28670 
6 18.84956 18.86057 19.63495 19.64675 17.27876 17.28635 20.42035 20.43282 
7 21.99115 22.00764 22.77655 22.79353 20.42035 20.43221 23.56194 23.57913 
8 25.13274 25.15466 25.91814 25.93971 23.56194 23.57813 26.70354 26.72425 
*free vibration frequency 4
2)(
ml
EIlii βω =  
Modes 
GU & LIU Tables 1,2 
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Table 3 Comparison of deflections between the LPIM results and analytical results in forced 
vibration problem of the pinned-pinned thin beam 
 
Time step Node No. LPIM solution Analytical solution Error(%) 
 3 2.28378E-03 2.28245E-03 -5.82E-02 
 5 4.37707E-03 4.37468E-03 -5.47E-02 
100000 7 6.06858E-03 6.06544E-03 -5.17E-02 
 9 7.16980E-03 7.16631E-03 -4.88E-02 
 11 7.55206E-03 7.54853E-03 -4.68E-02 
     
 3 -1.10688E-03 -1.10557E-03 -1.19E-01 
 5 -2.08017E-03 -2.07788E-03 -1.10E-01 
200000 7 -2.83107E-03 -2.82823E-03 -1.00E-01 
 9 -3.30369E-03 -3.30034E-03 -1.02E-01 
 11 -3.46505E-03 -3.46137E-03 -1.06E-01 
     
 3 2.18601E-03 2.18557E-03 -2.00E-02 
 5 4.14165E-03 4.14071E-03 -2.27E-02 
300000 7 5.67674E-03 5.67464E-03 -3.70E-02 
 9 6.65263E-03 6.64922E-03 -5.13E-02 
 11 6.98690E-03 6.98293E-03 -5.69E-02 
     
 3 -3.82316E-03 -3.82220E-03 -2.51E-02 
 5 -7.31284E-03 -7.31128E-03 -2.14E-02 
400000 7 -1.01196E-02 -1.01185E-02 -1.02E-02 
 9 -1.19398E-02 -1.19399E-02 1.08E-03 
 11 -1.25703E-02 -1.25710E-02 5.41E-03 
     
 3 1.44739E-03 1.45008E-03 1.85E-01 
 5 2.73840E-03 2.74272E-03 1.58E-01 
500000 7 3.75132E-03 3.75637E-03 1.34E-01 
 9 4.39674E-03 4.40251E-03 1.31E-01 
 11 4.61835E-03 4.62459E-03 1.35E-01 
 
GU & LIU Table 3 
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Figure 1 Nodal shape functions and its derivatives for the displacement and slope 
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Ωv 
Ωi 
xQ Node i 
Figure 2 The support domain Ωv and integration domain ΩQ for 
node i; interpolation domain Ωi for Gauss integration point xQ 
GU & LIU Figure 2 
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Figure 3 Deflections and slopes of a pinned-pinned thin beam under different loads.  
(a) uniformly distributed load. (b) concentrated load. (c) linear load 
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Figure 4 Deflections and slopes of thin beams under uniformly distributed load with 
different boundary conditions.  (a) pinned-fixed. (b) fixed-free. (c) fixed-fixed 
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Figure 5 Free vibration modes of thin beams with different boundary 
conditions. (a) pinned-pinned  (b) fixed-pinned. (c) fixed-free. (d) fixed-fixed 
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